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Abstract 

We give here the proof that pair creation arises from the Dirac 
equation with an external time dependent potential. Pair creation 
happens with probability one if the potential changes adiabatically in 
time and becomes overcritical, that is when an eigenvalue curve (as 
function of time) bridges the gap between the negative and positive 
spectral continuum. The potential may be assumed to be zero at large 
negative and large positive times. The rigorous treatment of this effect 
has been lacking since the pioneering work of Beck, Steinwedel and 
Siifimann [2] in 1963 and Gershtein and Zeldovich [8] in 1970. 
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1 Introduction 



Adiabatic pair creation (APC) has been called — unfortunately misleading — 
spontaneous pair creation ([I2],[TB1-P21,^SII2SII221I351ESIISII19). The 
creation of electron positron pairs in very strong external classical electro- 
magnetic fields arises straight forwardly from the Dirac sea interpretation of 
negative energy states. After Dirac [5] it has been discussed as an academic 
problem by Klein [11], Sauter [33] , Heisenberg and Euler [10J, Schwinger [31] 
and Brezin and Itzykson [3]. A more realistic setting was hinted at by Beck, 
Steinwedel and SiiBmann, [2] and worked out by Gershtein and Zeldovich (8] 
as APC. In the common physics language it may be described as follows: An 
adiabatically increasing electric potential lifts a particle from the sea to the 
positive energy subspace where it scatters and when the potential is gently 
switched off one has one free electron and one unoccupied state — a hole — in 
the sea. The experimental verification needs very strong classical fields [12] 
and is discussed elsewhere |24J . In this respect we would like to remark that 
a coherent analysis of the existence of APC has been lacking until recently 
[22]. Earlier quantitative results based on an ad hoc and incoherent analysis 
(see for example [17] . [37] ) are false concerning the rate and the outgoing 
momenta of the spontaneously created pairs (see [21]). There have been 
also results in the mathematical physics literature related to APC, notably 
[121 EDI [25J but those results do not come to grasp at all with the heart of the 
problem of APC, which is the control of the wavefunction evolution within 
the neighborhood of the spectral edge mc 2 . 

In APC one considers the so called external field problem, where interac- 
tions between the charges are neglected. Vacuum polarization will in general 
perturb the external field and - using mean field approximation -(see p|) one 
may think of the external field as an effective field. 

The existence of APC in second quantized external field Dirac theory (if 
the latter exists^ is equivalent to the existence of certain types of solutions of 
the Dirac equation (see e.g. [19] and [22]) which we describe below. The ex- 
istence of APC in terms of the second quantised S-matrix theory of the Dirac 
equation with external field is "by definition" equivalent to the existence of 
these types of solutions of the Dirac equation. We shall in fact formulate 

1 It is well known that the lifting of the Dirac evolution (with a smooth field of compact 
support) to Fock space (second quantisation) is possible if and only if the Shale-Stinespring 
condition is satisfied [40, 35J , which is the case if and only if the magnetic field vanishes. 
On the other hand, the S-matrix can always be lifted. 
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our result in terms of the solutions of the Dirac equation and use the Dirac 
sea picture for the interpretation of the particular solution we prove in this 
paper to exist. 

Consider the Dirac equation with external electric field. Then the po- 
tential A can be chosen as a real valued multiple of the 4x4 unit matrix. 
(We wish to note that the results can be extended to general four potentials. 
Concerning strong magnetic fields we wish to call attention to the recent 
work of Dolbeault et.al. [6] as well as |24J). Amc 2 gives the potential in the 
units eV. We assume that the potential A varies slowly with time, expressed 
by A £T , where e is a dimensionless small parameter (given by the physics, 
see [21] for some examples) which in this work will eventually be sent to zero 
to obtain limit results. Here r = ^r-t and x = are the dimensionless 
microscopic time- and space-scales and the Dirac equation in the standard 
representation reads with the notation x = (xi,x 2 ,x 3 ) E M 3 and di := -J^- 

3 

-i ^ <*Mt{x) + A £T (x)tjj T + /J0t(x) 
i=i 

(A) + ^W(x))Vv. (i) 

We introduce in ([T]) the macroscopic time scale s = sr. We wish to restrict 
ourselves to potentials A s which can be factorized into a space- and a time 
dependent factor A s (x) := A(x)fi(s), a restriction of technical nature which 
eases notations and computations and which furthermore helps to picture a 
spatial potential well which changes its depth with time. It is helpful to have 
this picture in mind, because the potential does act as an elevator, as we 
shall explain below. We thus have 

dib 1 1 

l-^ EE -(A) + Afl{s))lf> a EE -D M $ a . (2) 

Furthermore we wish to restrict ourselves to potentials A s (x) which are 
smooth, bounded, compactly supported in x and s and positive. The spec- 
trum of the free Dirac operator D is absolutely continuous and given by 
(— oo, —1] n [1, oo), defining "negative and positive energy" subspaces. In the 
Dirac sea interpretation wavefunctions which lie in the positive energy sub- 
space of the free Dirac operator are interpreted as wavefunctions of electrons. 
The so called vacuum of second quantized Dirac equation corresponds in the 
Dirac sea picture to all "states of the negative energy subspace being occu- 
pied by particles" — the Dirac sea. "Holes" in the Dirac sea are unoccupied 



.dlp r {x) 

1 -&T = 
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Scattering state 




Figure 1: Schematic presentation of the adiabatic pair creation. It shows the spectrum of 
the Dirac operator -D^s) as function of s. Depending on the strength of the potential there 
may exist bound state energy curves E(s), one or more of which may bridge the spectral 
gap (overcritical case) . Also schematically drawn are bound states $ at various undercrit- 
ical times. No bound states exist in the lower and upper spectral continua (— oo, —1) and 
(l,oo). Pair creation is achieved (with probability one) if a particle from the sea which 
occupied at small times s the bound states corresponding to the gap bridging bound 
state energy curve scatters after the bound state curve has reached the upper spectral set 
[l,oo) at time s c , and when that bound state becomes a scattering state. The "returning 
bound state" is then unoccupied producing a hole in the sea. 



negative energy states which are interpreted as anti-electrons, i.e. positrons. 
The goal of our paper is to assert that there exist solutions of ([2]) which 
describe pair creation. We explain what that means. 

The main idea of APC, as illustrated in figure [TJ is as follows. Consider 
first the spectrum of the time dependent Dirac operator D^ s y At large 
negative and large positive times when A s = 0, = D and we have 

the spectrum of D . At times at which A s 7^ there may be eigenvalues 
in the gap [—1, 1], while the continuous spectrum remains unchanged. The 
eigenvalues change with the strength of the potential, i.e. with time s (bound 
state energy curve E(s) in figured]). Suppose first that no eigenvalue reaches 
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1, .i.e. no bound state energy curve bridges the gap (undercritical case). 
The adiabatic theorem (see e.g. [38]) ensures that there is no tunnelling 
across spectral gaps meaning that the bound states stay more or less intact 
when the potentials changes adiabatically. In terms of solutions of the Dirac 
equation (T5]) that means the following: There exists no solution when e goes 
to zero which for large negative times lies completely within the negative 
continuous energy subspace and for large positive times has parts in the 
positive continuous energy subspace. In the Dirac sea interpretation that 
means: The probability of creating a pair is zero. No APC. 

However, when the external field becomes overcritical (at time s c in fig- 
ure [T]) , the highest lying eigenvalue curve reaches the positive continuum and 
the bound state ceases to exist and becomes a continuum state (a "reso- 
nance") in the positive continuum subspace. Then there exists a solution of 
the Dirac equation which follows adiabatically the path of this bound state, 
which for large negative times must develop into a wavefunction which lies 
entirely in the negative continuum energy subspace and for positive times 
may have a part in the positive continuum energy subspace. As indicated in 
the figure [T] when the potential decreases with increasing time there is again 
a bound state energy curve bridging the gap. In principle the solution of the 
Dirac equation can have a part which "follows" the bound state back into the 
negative continuous energy subspace and remains there when the potential 
is switched off. In the Dirac sea interpretation such a solution of the Dirac 
equation would correspond to pair creation with a probability determined by 
the absolute squares of the parts of the wave functions. We show however, 
that no such "back sliding" is adiabatically possible, i.e. no such solution of 
the Dirac equation exists. The former bound state scatters in the positive 
continuum energy subspace, i.e. it stays there for all later times. In the 
Dirac sea picture the "returning" bound state remains for sure empty and 
upon becoming a state within the negative continuum energy subspace there 
is now an unoccupied state in the sea: APC is accomplished with probability 
one. One pictorial way to describe APC is to imagine the potential acting 
as an elevator, lifting a particle from the sea to the "upper" (positive) con- 
tinuum. The scenario is symmetric under change of sign of the potential: It 
then transports an unoccupied state (a hole) from the positive continuum to 
the sea and catches a particle from the sea when it is switched off. The hole 
(positron) then scatters. 

We understand now the type of solution of (j2J) we wish to study, namely 
one which at some time at which an overcritical bound state exists equals 
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that bound state. The scenario we described translates mathematically into 
the task to establish scattering of such solutions of the time-inhomogenous 
Dirac equation ([2]). To show to what extend the scenario of APC holds one 
must control first that the bound states stay on the adiabatic time scale intact 
until the eigenvalues reach the positive continuum. That is content of an adi- 
abatic lemma without a gap and "relatively easy" to establish. The solution 
of fl2J is thus adiabatically essentially represented by the "time dependent 
bound states" until that time. Then we must control the propagation of the 
wavefunction (the resonance) emerging from the bound state during over- 
criticality. We wish to show that it scatters. This task is on the one hand 
far from being easy, since the Dirac operator changes with time. The time 
evolution will be controlled by generalized eigenfunctions, i.e. by the station- 
ary phase argument, which is of course not standard because the generalized 
eigenfunctions themselves are depending now on time. But more than that 
on the other hand we must take into account the bad (resonant) behavior of 
the generalized eigenfunctions near criticality. (We wish to note that also [32] 
is concerned with the wavefunction propagation for time dependent Hamilto- 
nians but under generic smallness assumptions on the potential, assumptions 
which are not fulfilled in our problem). They become unbounded for critical 
fc-values (which are small) and hence the situation is very much different 
from the usual scattering situation governed by "plane waves" (see [23] for 
a heuristic argument giving some intuition). As we shall find out, the decay 
time of a wave, say from a bounded spatial region (i.e. the time in which 
roughly half of the mass left the region), is now (on the microscopic time) 
t ~ £~ 2 / 3 as compared to t ~ Oil) in the common plane wave scattering 
situation. This means that the resonance lingers around the range of the po- 
tential for a much longer time than in the usual scattering of wavef unctions. 
Such a metastable state decay has already been suggested by [2J. 

We shall give in the next section the result: Theorem 12.41 and Corollary 
12.51 The rest of the paper is devoted to the proof of the theorem. The proof 
is technically very involved. Instead of describing here what is in the sections 
to follow we first give the result and then give in Section [3] a skeleton of the 
proof with a description of the contents of the sections. 

2 The Result 

We begin with 
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Notation 2.1 The functions we mainly consider are spinors in the space 
L n (IR 3 ,C 4 ) ; n = l,2,oo. We shall denote this space if no ambiguity arises 
simply by L n . We shall have two scalar products: (i) For a,b G C 4 : ab : = 
Sj=i a jbj where * denotes complex conjugation, (ii) Forip, x G L 2 : (ip, x) '■= 
J V ; (x)x(x)(i 3 x, II^H = a/ (tp, tp). Warning: Constants appearing in estimates 
will generically be denoted by C . We shall not distinguish constants appearing 
in a sequence of estimates, i.e. in X < CY < CZ the constants may differ. 

In the following we will only consider potentials which are bounded, com- 
pactly supported, positive and purely electric. The latter implies that A will 
be a multiple of the unit matrix (since we stick to one inertial frame through- 
out the paper). Thus A can be written as a scalar function. To have the 
possibility of pair creation the external (scalar) field fi(s)A has to become 
critical for some time s and the first such time will be set s = and we 
choose /i(0) = 1, i.e. A is critical. Criticality means for us that D Q + A has 
only bound states solutions (i.e. L 2 -solutions and no resonances with energy 
1) of 

(D + A)$ = $ . (3) 

This is the generic case (see e.g. [15]) of critical potentials in the Dirac 
equation. We shall now collect the conditions in a form most convenient for 
our considerations. 

Condition 2.2 For A : 1R 3 -> M+ and \i : M. — > M we shall require that 

(i) A has compact support Sa; A, VA are bounded and A is critical. Fur- 
thermore Di = D + A has no resonances for E = 1 and E = 1 is 
n-fold degenerate for some 11GN with eigenspace denoted by Af ': 

N := {$ G L 2 : (D + A- 1)$ = 0} . (4) 

(ii) For any \i G [0, 1] there exist not more than one eigenvalue E^ of the 
operator = Dq + \xA. Warning: We shall use the symbol /1 as fixed 
parameter and as function \x(s). 

(Hi) \i : M. — ► R is continuously differentiate, its derivative // is bounded, 
n(0) = 1 and //(0) > 0. There exists Sj < and Sf > such that 
fi(s) =0 if s < Si or s > sj. 
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Remark 2.3 The condition above is fulfilled by a large class of critical po- 
tentials A. (i) is fulfilled for the ground state and generically for excited 
states (see Tfflp . 

(ii) excludes the possibility of having more than one bound state curve 
entering the upper spectral edge. This assumption is not essential but makes 
the proof less heavy. 

Under this condition (see e.g |40j) the operator of interest defining (j2J) 
namely generates a unitary time evolution denoted by U £ (s, sq) given 

id s U £ (s, s ) = -D^ s) U £ (s, s ) , (5) 

generating solutions of ([2j). The following theorem and its corollary assert 
that there exists a scattering solution of the Dirac equation (j2J) which at large 
negative times is element of the negative energy spectral subspace of the free 
Dirac operator (A = 0) and at large positive times it is an element of the 
positive energy spectral subspace of the free Dirac operator. 

Theorem 2.4 (Decay of the Bound States) 

Assume condition \2.2\ Let &n( 80 ) be a bound state of Dfi< so ) for some s G 
(si, 0]. Let U £ (s,s ) be given by (TJP, i.e. ip £ = U £ (s, s )$ At ( So ) is the solution 
of the Dirac equation (Hjj with ip £ SQ = $n( 8o )- Then for all x £ L 2 



Iim(Vf,x) = (6) 



for any s > 0. 



As a Corollary of Theorem 12.41 and the adiabatic theorem (see e.g. |39|) 
we have that the solution starts in the negative energy spectral subspace 
of the free Dirac-Hamiltonian D and ends in the positive energy spectral 
subspace. Denoting with P + ,P ~ the corresponding spectral projectors we 
formulate 



Corollary 2.5 (Adiabatic Pair Creation) For vp £ of Theorem 2.4 holds: 
For all s < Si 



For all s > Sf 



hm(^,P -^) = l. (7) 

£^0 



lim(^,P+^) = l. (8) 

£^0 



9 



The proof of this consists in observing that (|7D follows directly from the 
initial condition of ip £ (bound state in the gap) and the adiabatic theorem. 
For (jSJ) one must apply both the assertion of the theorem, which ensures that 
the scattering state is orthogonal to any bound state in the gap, and thus 
the statement follows from the adiabatic theorem. 

3 Skeleton of the Proof and Content of Sec- 
tions 

The proof of Theorem 12.41 consists in controlling the propagation of ip £ s . For 
sufficiently small e, ip £ follows more or less the bound states $ s . Reaching the 
critical time s = the bound state "vanishes" in the positive energy subspace 
of the free Dirac Hamiltonian. One needs to show that ip e s will stay there for 
all later times. Note that we need to control the wavefunction evolution for 
a time dependent hamiltonian. 

The proof has thus naturally two parts: 

(1) Show that a bound state with energy in the energy gap between — 1 
and 1 reaches adiabatically the upper spectral edge without "injuries" 
and ending up in M. 

(2) Show that any state in M scatters during the time in which the potential 
stays overcritical. 

The proof of (1) is done in several sections. Contrary to what one might 
expect at first sight it is quite involved. 

(1.1) The problem is the possible degeneracy of the bound states. We must 
show that the eigenspaces of E\i when /x goes to one converge to 
M . That is done in the first part of Section O Warning: The proof is 
very long and tricky and aims at the definition of an operator R^, the 
resolvent of which maps a state in M to a state in M^. This map will 
be used in the next step. 

(1.2) We need good control of "how a bound state converges" . We show that 
to every bound state $ e H exists a "good sequence" of bound states 
$ M G Mfj, which are different iable with respect to /i when they approach 
$. We use for that the operator i? M from above. This is done in section 
IO 
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(1.3) The "good sequences" will be used in Section I7TT1 to establish an adi- 
abatic lemma without a gap, Lemma 17.11 The proof is a two scale 
argument. We first propagate adiabatically to times so very close to 
and then by the uniform (in e) estimate f!76|) we can close the gap. 
This establishes the first part of the proof. 

The proof of (2) is naturally much more involved than that of (1). 

(2.1) We wish to show that any bound state at the spectral edge scatters. 
What we need to establish is that the wavefunction leaves the range 
of the scattering potential sufficiently fast, faster than e -1 , the time 
after which the potential is undercritical again. Such control is rather 
easy when the potential is not depending on time, but here it depends 
on time: How does one control the evolution of wavefunctions for time 
dependent hamiltonians? The most direct and physical way is using 
generalized eigenfunctions. The point is however that the generalized 
eigenf unctions are bad near the spectral edge! The essential question 
is: How bad? We recall here and rely heavily on a result of [231 E2] on 
generalized eigenfunctions near criticality. That is done in Section |H 

(2.2) The eigenfunctions allow us to control the wavefunction evolution for 
potentials constant in time. Section gives with Lemma 15.11 prelimi- 
nary estimates. (I23p shows what we need to have when dealing with 
generalized eigenfunctions namely an estimate in the sup-norm. The 
proof involves tricky use of momentum cut-offs. Corollary 15.21 formu- 
lates then three estimates for the L 2 — norms. At first sight the third 
estimate ((iii) of Corollary l5.2p seems the only relevant one, but the first 
two are in fact needed for technical reasons later. (The technical reason 
is that we must bring the "static potential estimates" in contact with 
the true time evolution, i.e. with the non-static potential). The proofs 
here are "straightforward" applications of stationary phase methods, 
taking however the singular eigenfunctions behavior into account by 
tricky cut-offs of small momenta. The stationary phase application 
leading to good decay is unfortunately lengthy, while not difficult or 
tricky. Therefore we decided to shift that calculation to the Appendix. 

(2.3) In section I7T21 the contact with the true time evolution is made. First 
we consider the wavefunction evolution for "short times" . Short means 
macroscopic times of order one. We introduce the time a which may 
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roughly be thought of as being the first time at which fi reaches a 
maximum. Here we use the estimate (iii) of Corollary \7.2\ which is the 
translation of Corollary 15.21 to the macroscopic time scale. It is shown 
that most of the wavefunction will have left the range of the potential 
by a macroscopic time of order e 1 ^ 3 , i.e. e~ 2 ^ 3 on the microscopic time 
scale. That proof uses Cook's argument in combination with physical 
insights: We need to compare the true evolution until time s < o 
with a "static potential" evolution. The potential will be "frozen" to 
the value it has at a time s. There is a big error between the true 
and the auxiliary time evolution. But in terms of the evolution of the 
relevant part of the wavefunction the error is not so big, since most of 
the wavefunction will have left the range of the potential. So the error 
is transported to a region in space which we do not care so much about. 
That idea is behind this part of the proof. Of course, we must insure 
that for very long times, this error does not come back! But that is 
done in the next step. 

(2.4) In Section 17731 we extend our result to all times. Most of the wavefunc- 
tion has left the range of the potential, we must insure that it stays like 
that. Again we use Cook's method, but now we freeze the potential at 
the value it has at time a. In fact we can chose here any value s > 
for which the potential is overcritical. The physical idea is clear: Since 
most of the wavefunction is outside of the range of the potential it 
moves freely and the critical potential is roughly the zero potential. To 
avoid problems arising from small k values, we use density arguments 
and cut off small momenta. It is here where Corollary 17.21 (i) and (ii) 
come into play. 

(2.5) Section 17.41 collects simply the results to establish the second part of 
Theorem I2.4[ namely that the bound state which reached the upper 
edge scatters. 



4 Generalized Eigenfunctions 



Consider for /i G R, k G M 3 and Ek = a/A: 2 + 1 the bounded classical solutions 
<£> M (k, j, x) (generalized eigenfunctions (GEF)) of 

E k <p^,j) = D^(kJ), j = 1,2,3,4. (9) 
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Lemma 4.1 (GEF Properties) 

Let A satisfy condition \2."A (i) and 5 > be such, that \i = 1 is the only 
critical value in [1,1 + 8]. Then 

(a) there exist unique solutions <^(k, j, ■) of (OJ) 

(b) for all x the functions <^ J '(k, /x, x) are infinitely often continuously dif- 

ferentiable with respect to k for k ^ . 

(c) T7ie scattering system (D , = D + /xA) is asymptotically complete 

for any /x G [1,1 + 5]. In particular the wave operator f2+ defined via 

tt+ip = lim e^V^V /or a// ip E L 2 
exists, is isometric and 

Ran fi+ = WJ** , 

where 7i c ° nt is the spectral subspace of the absolutely continuous spec- 
trum of Dp. 

(d) for /x 7^ 1 i7ie solutions <£> M (k, j, ■) define a generalized Fourier transform, 

i.e. an isometry T : ^ on * C L 2 (M 3 ,C 4 ) -> L 2 ((M 3 , {1,2, 3,4}), C) fry 

J^(V)(k,j) := (2vr)-i | ^(k, j, x)>(x)d 3 a; (10) 

and 

V(x) = E / (27r)-i^(k,j,x)^(^)(k,j)ci 3 fc , (11) 
i=i 7 

where the integrals are in the l.i.m. -sense (see e.g. fWflj). Furthermore 
Plancherel holds 

4 r 

(4>,X) = E / FM*(k,j)Mx)(Kj)d 3 k (12) 

7 = 1 ^ 



as we// as Parseval 

i 



E / \FM(KJ)\ 2 d 3 k=: 11^)11 ■ (13) 
i=i 7 
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Proof: (a) and (b) have been proven in [7J (see Lemma 3.4. therein). Also 
(c) is not new, is is known to hold for short range potentials (see for example 
Theorems 8.2, 8.3 and 8.20 in [IQ]). (d) follows also from Lemma 3.4. in 
[7J, where it is shown that JT At (^j)(k, j) = ■0?"* where the ^ stands for the 
(ordinary) Fourier transform and ip™ 1 is defined by Q~^ip° ut = ip. 
Since Qt is isometric we have 

4 r ~ 

fax) = W^njx) = (C*. O = E € ut *(Kj)Z ut 0Lj)d 3 k 

i=i J 

4 r 

i=i J 

i.e. JT2J and hold. □ 

As we deal with a time dependent external field which grows from under- 
criticality to over-criticality in the course of which we need very good control 
on the evolution of the wavefunction, we need uniform estimates on the 
generalized eigenf unctions of the operator Do + fiA. Uniform estimates have 
not been given before. It is known, that for critical potentials the generalized 
eigenfunctions diverge for k — > [14J, but that is not sufficient to control 
the propagation. What is sufficient are estimates on the L°°-norm of the 
generalized eigenfunctions of -Do + and their /c-derivatives uniform in k 
and uniform in fi G [1 — 5, 1 + 5} for some 5 > 0. The uniform estimates we 
need are provided in [23]. We cite the the following crucial Corollary 7.5. in 
[231. 



Theorem 4.2 (Upper Bound for the Sup- Norm of the GEF of Lemma 4-1) 
There exist 5 > 0, constants v\, 1 < I < n and a constant c > so that the 
following holds: For the m th derivative tp^ := dj^ip^, m G No, there exist 
constants C m so that for every k G M 3 and for every /iG [1 — 5, 1 + 5] 



:i+xr m ^\k, 3 ,-)\\ 00 <c m \k- m + 



Ek 
|/i — 1 — vik 2 \ + ck 3 



(14) 

Furthermore there exist f2 M (k, j, •) G Af and C uniform in k G M 3 and // G 
[1-5,1 + 5] so that 

||^(k,j,-)-^(k,j,.)||oc<C. (15) 
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5 Propagation Estimates 



In this section we want to apply Theorem 14.21 to get estimates on the time 
propagation of wave-functions for the static Dirac Hamiltonian uniform 
in fi G [1 - 5, 1 + 5). 

Under Condition 12.21 (see e.g. [10]) generates a unitary time evolution 
denoted by V^(t,0), i.e. 



This formula explains the role of the generalized eigenf unctions and it gives 
us the most direct control on the evolution of wavefunctions by expanding the 
wavefunction into generalized eigenfunctions. The estimates we are after are 
such that we can control the wavefunction evolution of the bound states in M 
during overcriticality. The bound states must decay fast enough (i.e. scatter 
fast enough) so that they are outside of the range Sa of the potential before 
the potential becomes undercritical again. The naive picture of scattering 
theory suggests that the Fourier transform (given by plane waves) of the state 
governs the spreading. But we are here in a delicate situation analogous to 
resonant behavior. The generalized eigenfunctions are not at all like plane 
waves as we see from (I14p and we must control the spreading given by such 
badly behaved eigenfunctions. We need to separate very very slow spreadings 
of the wavefunction (whose contribution will be hopefully negligible because 
of small probability) from the moderately fast spreading which make the 
state scatter. The borderline will be given by the /c-value of the "resonance" , 
i.e., where fi — 1 ~ v\k 2 (c.f. ffMl)). \i should be thought of being only slightly 
bigger than 1, because that is the dangerous regime, the regime where k 
is small with large probability. For technical reasons we also separate very 
large momenta. Thus we will give propagation estimates for a wavefunction 
separating large, intermediate and small momenta, using the mollifier p K G 
C°° given by 



(16) 



which applied to eigenfunctions reads 




(17) 




for k < 1, 
for k > 2; 




and for k > we define 




(19) 
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and the operator 



Note that [D^p^] = 0. 



(20) 



Lemma 5.1 (Cutoff and propagation estimates - stationary case) 
Let 5 > be such that there is no bound state of for (i G (1, 1 + 5], i.e. 
7i ac {Dp) = L 2 . Let S C M. 3 be compact. For any x £ L 2 with suppx C S 
and any < k < 1 we have that for all fi G (1,1 + 5] and all < t < oo 



- P & M\ < C H 2 SU P ( 1 

k<2n 



k 



vik 2 \ + ck 3 



(21) 



and 



||^(t,0)(l-p^)x||oo<C«: 3 sup ( 1 

k<2n 



A- 



z^/c 2 | + ck 3 



• (22) 



Furthermore let k < oo. For a// m G N t/iere exists C m < oo swc/i i/iai 

||l<s^(t,0)p^(l-p^)x||oc (23) 



< 7t 3 r m c n /i- 4 ( «- a + sup 

2K>k>K 



n 

y 1 



v\k 2 \ + ck 3 



and 



\\Pk,vPk,vX\\ < 



\D,X\\ 



/v 



(24) 



Proof: We start with ( 12T|) . Let x be as in the Lemma. Then by ( 1201) and 

ll(l-P arf .)xll = ll(l-p fi )J>(x)ll<4 sup{|^( X )(k,j)|}||l-pJ (25) 

j,fc<2« 



By (JT9D and ([T8 



3 

ft 2 



|p»-l| 2 d 3 p <c^ 3 / 2 



(26) 
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Furthermore 



sup {| J^(x)(k,j) 1} < sup { / (2tt) a | ^(k,j,x)x(x) | d 3 x} 

j,k<2K j,k<2K J 

3 



where by Schwartz 



< SUp {||^(k,J,-)Hoo}(27Tj 

j,k<2K 



I X(x) | d 3 x 



(27) 



l s | X(x) | d 3 x 



< ||x(x)|MS|<C. (28) 
For sxvpj k<2K {\\iPn(k, j, -)lloo} we have by Theorem 14.21 (flij) for m = that 



sup {||w( k , j, -)||oo} < C sup [ 1 

j,k<2K k<2n 

Hence for (J2ZJ) with (TJHD 



sup{|^( X )(k,j)|}<Csup (1 

j,k<2K k<2n 



| M _ 1 _ ^2| + cA .3 



(29) 



(30) 



This with (|26|) in (j25|) yields (1211) . 

Next we establish (|22|) . Observing the definitions 

||^(t,0)(l-p^)x||oo 

4 



3=1 
4 

E 

3=1 



J (2tt)-3 I ^(t,0)^(k,j,x)^( X )(k,i)(l -p«(k)) | d 3 A: 



(2tt)-3 I e-^V/,(k,J,x)^( X )(k,j)(l -P«(k)) | d a fc 



<4 sup {||^(k,j,-)lloo} sup {|^(x)(k,j) |}||l-p«||i. 

j,k<2K j,k<2K 

Similarly as in (J26]) we find that ||1 - pji < Ck 3 and with ([29} and (1301)^ 

we get 
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We now turn to ([23]) . As above 



E/< 2 

i=i J 

4 r 

7=1 17 



V M (t, 0)^(k, j, x)p„(l - ^)J^(x) (k, j)d 3 k 



exp v? M (k, j,x)p^(l - ^r)J>(x)(k, j)d 3 fc .(31) 



It is for this term that we need the behavior of the derivatives of the 
eigenfunctions (c.f. (Tbfl) ). We shall use a stationary phase method, using 
^§fdk exp (— itEk) = exp (— itEk). The rigorous estimate of this formula is 
based on a simple straightforward computation which is done in the ap- 
pendix. We shall only describe here in a heuristic manner how the estimate 
comes about. 

First we recall (EG 



< C! 

i j ||oo _ w m 



+ 



E 

i=i 



k 



jj, — 1 — v\k 2 \ + c/c 3 



m+l 



(32) 

This enters also in the fc-derivatives of F^x)- Since \ has compact support 
in S we obtain 



\d^(k,j,.), X )\ 



< C m \\(l + x)- m ^(k j3} .) 

< cc m \\(i + xy m ^\k,j, 



;i+^rxiii 



(33) 



where in the last step we followed (T2"S|) . Doing the partial integration we need 
to apply the operator d^^r = p- + jrdk- Relevant to us is only the "small" 
fc-behavior (k > k), i.e. we need to count the inverse powers of k. In that 
sense dkjr ~ p + \dk- Further observe that the relevant term in (131]) to 
which d k ^ is applied is the product w(k, j, x)p«(l - j^)J>(x)(k, j)- But 
<9 fc pK ~ \ ~ |, while 



a fc ^)(k,j,x) 



^ m+1 )(k,j,x) 



(l + xW m )(k,j,x) ik- 1 + 



|/i — 1 — z^&; 2 | + c/c 3 
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Likewise for T^{x)- Since we are interested in the supremum over the com- 
pact set S the factor (1 + x) can be estimated by a constant. The upshot is 
then that the contribution of the terms is essentially the m-th power of 



k 



E 



k 



+ 



■f |/i — 1 — v\k 2 \ + ck 3 

n 

y l — - 

f— ' \a — 1 — i^/c 2 + ck 3 



multiplied by the product </V-?>(x)) yielding roughly 



k 2 



+ 



E 



^ |/i — 1 — ^A; 2 | + cA; 3 



E 

i=i 



ji — 1 — i>ik 2 



ck 3 



The second factor can be bounded by c 2 k 4 < CVc 4 . This gives with the 
volume factor k 3 the right hand side of fl23|) . 



Finally we establish d23J). By ([13]) and using £f > A; 2 

||P«^X|| 2 < / \F,(x)\ 2 d 3 k< [ _E^(D^xYM D ,X)d 3 k 

\\D,X\\ 2 



K 



^{D^xYF^D^xWk 



k>K 



□ . 



The results of Lemma loTTl can now be used to estimate the decay behavior 
of any compactly supported wavefunction x G L 2 

Corollary 5.2 (Propagation Estimate - stationary case) 

Let be compact. There exists a 5 > (possibly smaller than the 5 of 

Lemma 15. 1\) such that for all rh G N and for all < £ < 1 exist constants 

3 

C^,rn and C*£ such that for all \i G (1, 1 + 6], all t > (/i — 1) 2 ( 1 -^ an<i a// 
X G L 2 with suppx C S the following holds: 

(i) Let be defined by then for k = t'^ 1 "^ and for all w > t 
\\t s V,(w^)p^x\\ < c^dl^xll)^ , 
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(ii) for K = t a*- 1 ® 

\\(i-PnM\<^r^^-ir l q x \\ , 

(iii) 

||i*v„(t,o)x|| < cSx\\ + \\D» x \\)\v-M^t-^-v . 

We note that we want to have good decay estimates, so £ should be thought 
of being small. We also wish to remark that we shall need both estimates 
(i) and (ii) as well as (iii). (iii) is better than (i) and (ii) together but it is 
not suitable for "density arguments" which we shall use later on when we 
compare the true time evolution with the V^-evolution. 

Proof: By linearity we may assume = 1- We start with (ii). With our 
choice k = i~2( 1_ £) we obtain in view of (T2~Tj) 



;i - Pk ,m\ < crt ^ sup ( 1 + J2 1 — i k - m - r 

k<2K\ ~ \fi - 1 - vik 2 \ + ck 



3 

Since by assumption t > (p, — 1) 2 ^~^ we have k 2 < (fi — l) 3 / 2 <C (fi — 1) and 
hence for 5 small enough we are below the resonant /c-values, i.e. inf; |/i — 
1 — vik 2 \ > [jj, — l)/2 and thus the supremum of the bracket term is less than 
(l + CK/(ji- 1)). Thus 



< cr!^(i + 



Ck 



C(/i - I) 3 / 4 
fi — 1 

< crl^/i-i)- 1 / 4 , 

which establishes (ii). 

We now prove (i). Using 

HWII < Us\\ \M\\oo < CHWIloo (34) 
we have with the high momentum cutoff k to be specified below 

\\t s V ft {w,0)p &fl x\\ 

< \\l s V fl (w,0)p &IJl (l ~Pk,M\ + W^sV^w^p^^xW 
<C\\t s V lx (w,0)p II • (35) 
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Let w > t > (/i — 1) 2 (!-o . k will be chosen large enough, so that the first 
term encompasses the resonant regime iyik 2 « p — 1). We obtain with (1231) 
using w > t > (fi — 1)~2( 1 -?) and k = t~^ l ~^ 

\\t s V fl (w,0)p^(l-p^) x \\oo < CC m -^w' m t 2 -^(t l ^ + C{p-l)- 

< CC m K 3 w- m (Ct 1 -^ 2 



For the second term in (1351) we get with f|24l) 

IIp^a^xII < 

ft 

Hence for fl35l) we obtain 

K 

Choosing 7c := y/™£/ 4 we find the bound 

||l s V^,0)p^ X || < C m \\D^ X \\w-^ +2 - 2<i . 

Choosing m such that — m£ /4 + 2 — 2£ > rh (i) follows. 
Next we prove (iii). By (134)) 

||l S V^,0)x|| < ||i 5 ^(t,o)p^xll + IIW(^°)( 1 -p^)xlloo 

< 0)p^xll + \W, 0)(1 - p^)xlU • 

For the first summand use (i) with w = t and rh = 2. For the second 
summand use fl22l) with /c = t - ^ 1- ^ to obtain 



||V M (t J 0)(l-p K)/1 )x|| O o < Ct-i^sup (l + ^l 1 fc , 2 M ,3 

fc<2« V ~ |/i - 1 - vik 2 \ + ck s 

< c\fi-i\-h-l^ , 

where the bound comes as in the proof of (ii) with the only difference being 
that we now have the square. 
□ 
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6 ll- Convergence of the Eigenspaces 



Let [hb, 1] be the be the interval of parameters for which bound states for 

:= (D + fiA)^ = E^„ 

exist. In the course of this paper we shall adjust //# < 1 according to our 
needs. Note that G [—1, 1]. Let Af^ denote the eigenspace of E^. In [15] 
it is shown that Condition 12.21 (i) implies that there exist constants \lb < 1, 
C_ > and C > such that 

C < dpE^ < C (36) 

for all //s < /i < 1. 

Lemma 6.1 Let A satisfy Condition \2.2 . Let P/y be the projector onto Af '. 
(i) For any sequence <^V £ -A/^> ll^ll = 1; 

lim ||Pjv$ m || = 1 . (37) 

/Lt-»1 

(^zj For jj,B close enough to 1 

dim Af = dimA/^ 

for all /I e \jm b , 1). 

Proof: We shall present a proof which prepares notation and results which 
we shall need later on for the control of the /i-derivative of the bound states. 
Therefore there might be shorter proofs of the lemma. Our aim is to define 
first an operator the resolvent of which maps states in Af to states in Af^. 
The resolvent will be written as geometric series and we need good control 
on the norm of R^. So before we prove the lemma we shall be concerned 
with R^ the upshot of which is Corollary 16.31 Having that the actual proof 
of the lemma is short. 

Let G Affj, be normalized, let $ G Af be normalized and such that 
<& M G (A/'\$) ± (where (A/"\$)" L is the orthogonal complement of JV\<&). Such 
a $ exists: If ^ then $ = pr^Ty, if -FV^V = one can choose for 

$ any normalized element of Af. Hence in general $ depends on the choice 
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of $^ but we shall refrain from indicating that further to not overburden the 
proof with notation. 



With 
and 

we have 



Thus 



(£>„ - Ep)% = (38) 
£>„ - A, = (fi - z/)A (39) 

= 

= (( J D 1 - J E /1 )$ M ,$) + ((/i-l)A$ M ,$) 
= (A — i? A1 )($ /1 , $) + ((/i — l)y4$ M , $) . 



or 



(A - $)$ = (1 - ^)(^> • 

Since for /i G 1) is in the resolvent set of A 

$)$ = (1 - $) (A - s^)- 1 $ . (40) 

On the other hand, by fl38|) and fl39|) . 

(A-^)^ = (l-/i)A^, (41) 

i.e. 

= $ M - (1 - fi) (A - E^y 1 A^ . (42) 
Adding to (HP]) yields 

= %-{\-n){D x -E lt )- x {A^-{A%,^) . 

[M\^)' L is an invariant subspace of A and since $ M G (A/"\$) _L the left 
hand side of flH} is in (A/'\$)" L and hence ,4$^ G (A - ^)- 1 . Therefore 
(A^, $)$ = P A f(A^^ l ). Writing P Af ± for the projector on AT" 1 — the or- 
thogonal complement of M — it follows that 

= ^ li -{l-n){D 1 -E v )- x {A%-P M {A%)) 

= ^-(l-n)(D 1 -E^)- 1 P /f ±(A^). (43) 
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Note that the argument of (Di — E^) 1 is now a vector orthogonal to N '. 
Therefore the term has good chances of being controllable. Again observing 
[Di,P M ±] = 0, define 

by 

R flX -=(D 1 -E fi y 1 P^(A X ) . (44) 

Then by 



= $ M -(i-^i^ = (i-(i-//)ig$ M . (45) 

The following lemma asserts that (1 — (1 — /i)-R M ) is invertible and under 
good control for ji — > 1. 

Lemma 6.2 There exists C < oo such that 

\\R^f<C{l-^ . (46) 
Proof: Let % G (M\^Y with ||x|| = 1- Set 

i = P„ ± (A X ) . (47) 

i.e. 

R, X = {D l -E^)- 1 i. (48) 
We observe that £ is orthogonal to A/". Set 

r M = (l-M)-s (49) 

and let £> (r M ) = {x G M 3 : ||x|| < r^}. Choose /!# < 1 so that iS^ C i3 (r^) 
for all fi G 1]- For large enough close enough to one) we have 

that the vectors .Fjv(lg( r 1 < I < n are linearly independent. Hence 
there exists a$ J1 £A/' such that 

Pv-(i BM $ M ) = PAMr^) ■ (so) 

We define now the spacial cutoff parts 

:= Ibm^ - le(r M )^ (51) 
6,„ := (52) 
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which are orthogonal to M . By Schwartz inequality 

llfcji < I|1bmIHI6,mII < (||£|| + ||i BM $ M ||) . 

Since Pj^Q^ = $^ we have with ([50]) 

= (lB(r„)^ lB(r M )^> ^ IliB^ClllllBM^II » 

hence 

||1 S(7>) <MI < ||1 BM £|| < ||e|| , 
and thus since ||£|| is finite there exists a constant C < oo so that 

ll&Ji < CVf . (53) 

For ( HHl) we obtain 

R, X = (Di - E^y 1 ^ + (A - E^) 1 ^ 
and we wish to show that for some C < oo 

iKDi-^r'eui <c(i-ti)-% , k = i,2. (54) 

(jMD k = 1: We introduce fi J G A/" from Theorem |Ql([To|). Since fi J ) = 
we have 

*iftU0O : = (27r)- 3 / 2 (^(k,l,x),6, M ) 

= (27r)- 3 / 2 (^(k,l,x)-^ (k,l,x),ei, M ) • 

Thus 

l^i I < (2 7 r)- 3 / 2 n^(k, i, •) - nj(k, i, oiioc ne^iii • 

By using Theorem 14.21 and (1531) we get 

l^iftU (k)|<Crf . (55) 
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Next note that with L>i<^'(k, 1, •) = E k cp j (k, 1, •) = Vk 2 + V(k, 1, ■) and 
E k > 1 > En and hence £ fc - E^ > 1 - E^ > 0, £ fc - E^ > E k - 1 > 

HPi-^r'W = Ell^-^r^(^U( k )ll 

^ E Hf^P -1 !*!^-^^ 1 (k)l1 

+E n^-rB-ii>ifcixi-^)v^i (eU (k)ii 
♦Elli^WiftUWII 

+E iiii>i*i>(i-^)v-^i^i (eU ooii 
+En i w>i^i^feU ( k )ii- 



3 

By (I55I) we obtain with appropriate constants Ci, C% y C3 

1 - £„, 

1/2 



HPi-^r 1 ^!! < r^rrf (1 - E^ 



1/2 N 



+c 3 . 

Noting that E k — 1 > /c 2 /2 for |fc| < 1, we obtain 

= rf{c 1 {l-E,ry^^C 2 {{l-E i 

Hence there exists an appropriate constant C < 00 such that 

\\(D l -E,r 1 ^ 1 J<Cr 3 J 2 (l-^)- 1 / 4 . (56) 
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)l/2 



J2 -i) 1/2N ]+a3. 



By flMD 1 - > C(l - /I). This and (S2D yield ([MD for k = 1. 
Qfe = 2: By (J5Q and (PJ 

116 J = U - ZiJ < U - + WMr.AW ■ 

Since <E> M G Af we have with fl50l) 

= l(l BM $ /t ,$ M )l = lll B(rfl) <l. M ll 2 . 

On the other hand recalling that £JJV we obtain by Schwartz inequality 

I<ib M £,$ m )I = i(e-i eM e,$M)i < lie - 1^)^11 fen , 

hence _ 

l|lB(r M Al|<C||^-lfl (rM) e||— ^4L- 

Clearly 

i im n $ 4 = i 

<^ ||l B(r „)$J 

thus for /is close enough to 1 there exists a C < oo so that 

116 J < ||e-lB(r,)ell + pB(r,)^|| 

< c\\z-U(rM\- ( 57 ) 

By ( 1471) and the fact that A has compact support we have for r M large enough 
that £ is outside the ball B(r M ) a multiple of $. Hence £ — 1b(V m )£ is outside 
the ball <B(r M ) a multiple of $. Since $ G A/" its decay properties are known 
from the Greens function of D\ — 1 (see e.g. [T5], |23j). namely | $ |< Cx~ 2 , 
we obtain 



U 2 J<c([ x- 4 d 3 x) <Cr, 



with appropriate constants C < oo. It follows that 

II (D 1 -E fl y 1 ^ 2 j = w-^-^^^wk-J—w^j 

< \l-E^\- 1 Cr~ 1 > . (58) 
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As before, (ESJ and (gHD yield (1531) for k = 2. 
□ 



Corollary 6.3 

(%) For [is close enough to 1 

||(l-/i)i?j2 P <(l-^, V/iGfelJ 

and 

oo 

(l-a-^r^j^ci-Ai)^ 

i=o 

exists as bounded operator on (A/"\$) _L . 
(mJ For /i G [//£, 1) $ ) 7^ anc ^ / or 



(59) 



holds. 



Cm- 



i=o 



lim ||-FV±C/J = li m 
/i^i ii— »i 



(60) 



(61) 



Proof: (i) is immediate from the lemma. For (ii) observe (H5|) and (i) to 
conclude that $) 7^ 0. (IBTj) follows straightforwardly from ( [59]) . □ 
With this we establish now (i) of Lemma [6TT1 By (ISTj) . (1601 and observing 



that and $ are normalized 



= lim 



>lim||P^x$ A 



,n} 



which implies (i) of Lemma 16.11 

Next we prove (ii) of Lemma 16. 11 Let n M := dimA/^. Let I = 1, 
be a basis of Af, {$^, 1 = 1,..., n^} be a basis of Af^. 

We first show by contradiction that for /^b close enough to 1 n > for 
all /1 G [/iB, !)• Assume that for any < [i B < 1 there exists a /i G [/ib, 1) 
such that n < n^. Then the n-dimensional vectors {vj,j = 1, . . . , n^} defined 
by their coordinates v l j := ($^, are linearly dependent, i.e. there exist 
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nontrivial <x,- such that Y^j=\ a j v j = 0- Then $ M := YTj=i a j®u satisfies 
Pn^h = 0. Hence for any < /i^ < 1 there exists a \i G |/ab,1) and a 
^ G jV/i such that Pv^ = 0. This contradicts part (i) of Lemma 16.11 
Hence n > n^. 

Next we show that for \ib close enough to 1 n < for all fi G [fiB, 1)- 
Again assume that for any < fiB < 1 there exists a /i G 1) such that 
n > n^. Analogously as above we obtain that for any < fi B < 1 there 
exists a /i G [/ie, 1) and a $ G A/" such that Ptfft = 0. 

But for any AP G M we have 

||(P M -1 + AP)$|| 2 = ||(D Q + (/i-lL4-l + AP)$|| 2 

= ((AP-(l-/i)A) 2 $,$) 

= (AP) 2 + ((-2AP(1 - + (1 - /i) 2 A 2 )$, $) . 

Choosing AP = (1 — /i) H^Hoo < 1 for fi B close enough to 1, it follows that 

||(P M - 1 + AP)$|| 2 < (AP) 2 . (62) 

On the other hand P/y $ = implies by virtue of Condition 12.21 (ii) that 
$ lies in the absolutely continuous spectrum. Writing P+ and P~ for the 
spectral projections onto the positive and negative absolutely continuous 
spectral subspaces of and using that AE < 1 we obtain 



||(P M -1 + AP)<£>|| 2 = ||(P M -l + AP)P+$|| 2 + ||(P> M -l + AP)p-$ 



|2 



M ^ 1 ~l- n 

> ||(1 - 1 + AP)P+$|| 2 + || (-1 - 1 + AP)P~$|| 2 

V| ' I ' ~ 



> (AP) 2 ||P+$|| 2 + 

> (AP) 2 ||P+$|| 2 + (AP) 2 ||P M $|| 2 = (AP) 2 . 



This contradicts to (|62|) and hence n 
□ 



6.1 /i-Derivative of the Bound States 

We shall construct now for each element $ G M a sequence of elements ($ M ) M 
in (A/^) M which is "good" in several respects: 

Lemma 6.4 Por fis close enough to 1 holds: For each $ G A/", ||$|| = 1, 
exists a unique sequence (Cfi)ne[fj. B ,i)-i Cm £ A^, /or which 
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(i) (C,,*> = 1, 

(ii) Cfi £ (A/"\$)\ where (A/"\$) _L i/ie orthogonal complement ofJ\f\$>. 
We call the sequence := ,77^ a good sequence corresponding to $. 

Proof: Choose for each [i G [/is, 1) an orthonormal basis {(^, k = 1, . . . ,n} 
of JV M . Then by (EZJ) 

lim pVCjII = 1, fe=l,...,n. (63) 
Decompose the vector we are looking for as 

n 

c = E a K • ( 64 ) 
fc=i 

Introduce an orthonormal basis j^ 1 = $, k — 2, . . . , n} of A/". Then (i) 
and (ii) of the lemma read 

n 

E a X fc$ > = 1 
fc=i 

E°J<5 $I > = 0,/ = 2,...,n. 

fe=i 

This is a linear system of n equations for the vector (atp) with matrix M M 
given by 

M^i J) = 

We note that the column vectors of M are the coordinates of the vectors fVCu 
in the orthonormal basis {'I' 1 = $, $ fe , = 2, ...,n}. They are linearly 
independent: Suppose that were not so, then there exists a sequence /i p 
converging to 1 so that 

n 

E = 

k=l 

with (A^,...,A^) 7^ 0, i.e. there exists a sequence of normalized vectors 

^ P : = iiP =1 aH*"ii g ^ for which II*V*aJI = 0, contradicting ([63]). Thus 
is invertible and we find 

C = E^ 1 (*.1)<- (65) 
fe=i 
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Thus (i) and (ii) are satisfied. 

Lemma 6.5 (fi- Derivative of the Bound States) Let $ G M normalized and 
let fi G [fiB, 1] be a good sequence corresponding to $. Then^ 

\\dM\ <C(l-n)-% , he\hb,1] (66) 

with some constant C < oo. Since Af is finite dimensional the constant can 
be chosen uniformly on N ' . 

Proof: Let $ G N and let 3^, fi G \pb, 1] be a good sequence corresponding 
to $, i.e. ||$|| = 1 and G (A/'\$)" L . At the beginning of the proof of 
Lemma 16.11 we said that we shall adjust the proof for later reference. We 
shall now use some definitions and results of that proof here. The impor- 
tant observation is that $ and its corresponding good sequence are in exact 
correspondence to the a priori given $ M in Lemma 16.11 and the a posteriori 
chosen <3> as defined in the beginning of the proof of Lemma 16.11 With the 
good sequence we invert now the situation: <3> is given and $ M is chosen. We 
shall use the formula fl60l) to differentiate $ M (given by £ M (J6"0j) ). Formally 

oo 

fyc, = ^((//-i)iy*$ 

3=0 

oo 

oo 

= i2 M X)j((A*- W" 1 * 

oo 

+(// - i)(d»R») y,j (a* - i W 1 * • 

Hence by Corollary 16.31 we obtain rigorously 

RCJ < C(||i?,||r+||(/i-l)^ t ||n . (67) 

2 This estimate is not optimal, but sufficient for what is needed later. It seems reasonable 
to conjecture that the correct exponent is —4. 
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For the second term observe that formally 



<VU = (Di — Eft) - (Ax — (Ax, 
\E^) (D, - E^ 



(d IM Ef l )(D 1 -E,r 2 (A X -(A X ,m) 



H\\2 



= (d,E,)(D 1 -E,y 1 R,x, 

which can be justified using for example the spectral decomposition of D\. 
From this we get 

\\d,R,\\r <C(l-iiY l \\R i|OP 

hence 

\\d,Q\ < C\\RX P 

Finally, since by fl60|) 



; ~ IMI ' 



" " IICII IICmII 2 * 



Furthermore we have that > 1 for all \i G |/t.B, 1[ and by triangle in- 
equality dft || C M 1 1 < 1 1 dftCn 1 1 > therefore 

\\dft%\\ < C\\RJ° P 
and (|66|) follows with Lemma [6.21 

□ 



7 Proof of Theorem 2.4 



We now study the true time evolution U £ (0, s) as given by ([5]). To prove 
Theorem 12.41 we have to control the time propagation of ip E s . This propa- 
gation is naturally qualitatively different for s < ("adiabatic bound state 
evolution") and s > 0( "scattering"). Hence we control the propagation for 
s < and s > separately. 
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7.1 Control of ip £ s for s$ < s < 

Usually adiabatic theory assumes a spectral gap. Here we are in a situa- 
tion where the eigenvalue E^ will close the gap to the upper continuum. 
We need to control the adiabatic change of the bound states without a gap 
condition. 

Lemma 7.1 (Adiabatic Lemma without a gap) 

Let s < be such that a bound state <£ M ( S ) of with energy E^ > — 1 
exists. Then 



lim||P^ £ (0, S )$ Ms) || = 1. (69) 

Proof: Let s < 0, ^(s) be a bound state. By the adiabatic Theorem [35] 
we have that for any so < 1 

^11^X^^(50,5)^)11 = I- (70) 

Setting $^( so ) := PAf riBQ) U e (s , s)$ M ( s ) we note that (170!) is equivalent to 

lim||f/ £ ( So , S )$ Ms) -^ (so) ||=0. (71) 

Let be an orthonormal basis of TV". Consider the corresponding 

good sequences $^ which by definition in Lemma 16.41 and by (1371) satisfy 
lim^i($^,$ z ) = 1, ($^, $ fc ) = 0, k ^ I. It thus follows that for every 
ji G 1), {$^, /c = 1, . . . , n} forms a basis in Af^. Let now s Q be such that 
M s o) > /Ab- We decompose the bound state 

n 

$K ^ = x . 

For this basis 

lim|« { , o) ,^ (so) )|=5M, (72) 

since for Z 7^ A; 

}™\K( S0 )^Us ))\ = lim|«( S0 )-^,^ 0) )l < lim||^ (so) -$'||||^ (so) || 
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and 

Jim ||^ (so) - &\\ 2 = 1 + 1 - }™ K(s 0) ^) ~ l™<< (so) > = 0. 
From f!72|) we can conclude that 

n 

( 73 ) 

' k=l 

Now use the coordinates a £ SQl to define an approximate time evolution 

*mm,.o := ex P f~; / ^m^) X> S0 A S ) • ( 74 ) 

V fc ^SQ / l=1 



We note that $^ ) = and thus 



-J / E Kv) dv)J2<,i® 1 ■ ( 75 ) 

Js o ' 1=1 

We compare the approximate time evolution with the true one 
%( ), so " s °^^) = f d u (U £ (0, u)^ {uUo ) du 

J s 

= -i jf f/ £ (s, u) - 2<9 U ^ exp (^- % - jf E Kv) dv^j a £ Q ^ {u) du 
= -- I U £ {s,u) [D u - E Ku) ) exp (-i / XXoA**)^ 
+i [ U £ {s,u)exp(-j I E^dv) ^a £ SQl d u <$>\ {u) du . 

J s V £ ./so / ;=1 

Since (D u - E^ u) )§^ u) = 



i / U £ (s,u) 

J SQ 



exp ( -~ ! E^dvj J^a^jdu&^du . 
V £ Jso J J=1 
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Hence by unitarity of U e , Lemma [6.51 and Condition 12.21 (ii) 



~ n „ 

l^(o),.o -U%0,s )% {so) \\ < "£\<,i\ 

1=1 Js o 




\du^ {u) \\du 



< C I iC^du = — CV 6 
's 16 



) 



(76) 



where we concluded from ( 1731 that ^ILi \ a s ,i \ * s bounded for s close enough 
to one. Furthermore we obtain from (176]) that 



lim lim I ||$f,/ n i „ I 



\U £ (0,s )$ 



M(so)l 



lim lim|||$^ 0) || - 1| = 0, 



so that 



lim lim \\^ £ u(0) Sn || = 1 . 



(77) 



=V(0),so I 



1^^(0,5)^)11 - ||^ (0))S0 || < ||PvC/ £ (0, S )$ M(s) -p^i 

< ||f/ e (0, S )$ Ms) -f/ £ (0, So )$ Mso) | 

+ ||f/ e (0,s )$ Mso ) -^(o), So ll 
= \\U £ (s ,s)$^ s) || 

+ ||f/ £ (0,s )$ M ( so ) -^ (0))S 

It follows with dZU), (|76D and (J77D, that 



l«0 



lim||P^ E (0, S )^ (s) | 



lim lim 1^^(0,5)^)1 

so— >0 e-^U 

lim lim ||$f, m1 „ II = 1 . 



□ 



7.2 Propagation Estimates for the Time Dependent 
Case: "Short" Times 

We shall introduce a time a > which is a time of order one. For example 
the time at which the switching factor //(s) is half way between 1 and its 
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maximum. Our estimates will be valid until this time. It is in fact the 
crucial time after which the critical bound state has already left the range 
of the potential. We shall in the next section consider "long" times, i.e. the 
times bigger than a. We shall now consider the auxiliary time evolution (ITBI) 
on the macroscopic time scale s = te. That evolution will be denoted by 
V£, v \(s, 0) where v is fixed! It is defined by 

td s V^ v) (s, 0) = jD Kv) Vfr v) {8, 0) . (78) 

We first reformulate our Corollary 15.21 for V£, v \ be given by (1751) . Instead 
of \i G (1, 1 + S] we have now v G (0, a]. For the chosen a we can replace in 
view of (1561) the factor \i{y) — 1 corresponding to /i — 1 in Corollary 15.21 by v 
at little extra costs. We formulate first this adjustment as 

Corollary 7.2 (Propagation Estimate - stationary case) 

Let 5cR 3 be compact. There exists a > such that for all rh G N and for 

all < £ < 1 exist constants C^m and such that for all v G (0, a], all 

3 

u > £(fJ>(v) — 1) 2(1 ~ e) and all x G L suppx C S the following holds 

(i) for k = £5( 1- ^) u~ 2 and for all s > u 

1115^(^0)^,^x11 < C^dp^xIDe^^ , 

(zij /or re = £2( 1- £)|i~2( 1 ~£) 

ll(i - < Qef^Vf^V^llxll , 



l|i5%(«,o)x|| < Q(||xll + ll^)xllK 1/2 ^ (w) ^ |(w) ■ 

We shall use that to control the time evolution of a wavefunction under the 
influence of the time dependent Dirac operator. 

Lemma 7.3 (Propagation Estimates - Time Dependent Case: "Short" 
times) 

Let U e (s,u) be given by Let x G L 2 be normalized with suppx C S and 
finite energy, i.e. \\Dqx\\ < °°- Let a > be as in Corollary \7.S\ and such 
that d s fi(s) > C_ > on (0, a] . For all < £ < 1/3 exist such that for all 
s G (0, a] 

||i 5 ^M)xI|<q(^-^) • (79) 
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Remark 7.4 This estimate gives the decay time of the critical bound state. 
It is of the order ofe 1 ^ 3 , i.e. e~ 2 / 3 on the microscopic time scale. One should 
compare this with the decay of an L 2 -function in a non-critical situation which 
is of order one on the microscopic time scale. 

Proof: Using that \ is normalized the Lemma follows trivially for s < e 1 / 3 ^ 
by choosing C% > 1. Let s > e 1 / 3 ^ and 

r s :=U £ (s,0) X . (80) 

Now V£, s \ is controllable with help of Corollary 17.21 We shall "replace" the 
propagator U £ by V£, v y Then 

d s U £ (s,0) =e- 1 D.U*{a,0) d s V* (v) (s, 0) = e^D^V^s, 0) . 

and 



U £ (s,0)-V* iv) (s,Q) = I d u (Ve (v) (s,u)U%u,0))du (81) 

V^ v) (s, u) (D, (v) - D Ku) ) U e (u, 0)du 
K(v)(s,u) (/i(v) - n(u))A( y x)U £ (u,0)du . 







Hence 



= U%s,0) X 

= V £ {v) (s,0)x+- [ (ji(u) - n(v)) V £ {v) {s,u)A{x)^ e u du . (82) 
£ Jo 

We shall now choose a "good" v. The good choice is v — s. We shall 
explain why: The "error" coming from (/i(s) — //(«)) A(x)ip e u for u close to 
s is very small. The "error" coming from earlier times is large in L 2 , but 
the propagation time s — u is also large and hence most of the wavefunction 
will have left the region S (c.f. Corollary 17.21) ). So our strategy is not to 
show that the "error" is small in L 2 (which would not work) but to show 
that the "error" which is not small in L 2 leaves the region S and what is left 
of the error in the relevant region is small and thus in fact deserves to be 
called an error. The estimates in Corollary 17.21 are only valid from a small 
time on. This is an inheritance of the singular behavior of the generalized 
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eigenfunctions and must be taken into account. This will lead to a slight 
complication which makes another splitting necessary. 

In detail: choosing « = swe obtain, splitting the time according to the 
idea above introducing another cutoff a which will be specified below (and 
which takes care of the applicability of the Corollary IT. 2j) 

r s = V* {s) (s,0)x+ l - [ (fi(u)-fi(s))V^ s) (s,u)A(x)r u du 

£ J s—a 

i 



+- I (K u ) - K s ))VI; {s) (s,u)A(x)ip E u du 



Hence 



< \\tsV* {s) (s,a) X \\ + l f (^(s) - fi(u)) \\A(x)rjdu 

^ J s—a 

-cr 

(ji(s) - fi(u)) \\t s V* is) (s,u)A(x)rjdu . (83) 



In view of ( |36|) the second summand is bounded by 

- T (s-^WA^lUlts^Jdu^-a 2 . (84) 



For the other terms we want to use Corollary 17.21 (iii). Therefore we have 
to control ||.D s A0£||, which we will do next. We have that (the differential 
symbol d u stands also for ^) 

\d s (^D, (s) ,r s )\ 

< {d al i{s))\\A\\J(l s M . 

Integrating and observing that ||A)X|| < °o implies \(x, Do,x)\ < oo, we 
obtain | (ip e s) D^ s ^ij) £ s ) \ < C. Using this we get similarly that | (ipl, D 2 , ij) e a ) \ < 
C, hence with (13% 

WD^Arj < \Ms) -»(u))A 2 rj + \\AD^l\\ + || EU a M A ^ £ J 

< (//(s) - v(u))\\A\\l + ||A|U|D M(u) VSll + HVAIU < C . (85) 
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For (I83p we wish to apply now Corollary 17.21 to the first and third term. To 
apply it to the first term 

\\t s V^ ) (s,0) X \\ 

we need that s > e(/j,(s) - l)" 2 ^ > e(Cs)'^o , i.e. that s 1+ *^ > 
C^e. But since s > e 1/3 ^ we have that s 1+5 ^) > e( 1+ ^o) (1/3_c) . Since 
(l + 2(I^|)) (V 3 - = T^J < | < 1 the condition for the Corollary is 
fulfilled provided that e is small enough (Q £ 1/6 < 1). Hence 

I|V^( S) M) X || < Q a -^ e i-if s -l+i« . (86) 

To apply the Corollary to the third term of fl83|) we need that 

s - u > e(/x(s) - 1)20^) > Qes^o . 

Choosing 

5 = C.es (87) 

this is satisfied for all u < s — a, i.e. for the integrand of the third summand. 
Hence we have for the third term 



(ti(s) - fi(u))\\l s V* {s) (s,u)A(x)iPl\\ 

ps— a 33 3 3 

£ Jo 





I_3 £ 3 £ 



This and (El) with (ED) introduced and (jgBjl in (I55]l yields 

|| Will < ^ f - f ^- 2+ l« + C ? £ S -^+Q£5-|^l« 

„ I_3c _3 / _l,3f 1 , 3t -3-3g 3,3c 

= G £ £ 2 2? s 2 (es 2 2? + e 2 2 ~ 2 « +s 2 2? 
Since a > s > e 1 ^ 3 ^^ it follows that for e small enough 



_1 I 3t _1 3t 

fTS 2 + 2? < 55 60-2? < 1 



1,3, -3-3g 1,3, 1+1 l-3{ 1,3, _l+f e 

£2 + 2^3 2-2i < £2 + 2«£ 2 1_£ < £2 + 2% 2 — £« < 1 



S 2 + 2? < a 2 + 2? < C . 
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Hence 
□ 



7.3 Propagation Estimates for the Time Dependent 
Case: "Long" Times 

Lemma 17.31 gives estimates on the decay behavior for times smaller than a. 
In principle the Lemma can be extended also for larger times for a very large 
class of potentials A^ s y This seems alright as long as the propagator 
leads to fast enough decay, i.e. as long as /x(s) is bounded away from one. 

But we are especially interested in the case, that fi(s) attains the critical 
value fj,(s) = 1 again after time a, since the potential will be switched off 
again. We shall need a different technique to estimate the decay behavior in 
this situation for times s > a (c.f. Lenta 1731) . This techniques will be based 
on the fact that by time a most of the wavefunction has already left the area 
Sa of the potential. This allows us to chose in the comparison of U £ (s, 0)x 
with V£x a fixed value of v, in fact we shall use v — a, in contrast to Lemma 
17.31 where we chose v — s. This has the advantage, that we can use fixed 
cutoffs in Fourier space, i.e. we can use Corollary 17.21 (i) and (ii). 

Lemma 7.5 (Propagation Estimates - Time Dependent Case: "Long" 
times) 

Let x £ L 2 be normalized with compact support and finite energy ||-Doxll < 00 ■ 
Let C > d s /j,(s) > C_ > for all s G (0, a). Then there exists a constant C 
such that for any < £ < 1/3 and all s > a 



Proof: Despite the fact that an L 2 -function has mostly left any compact 
region by time a, to show that it scatters is still not easy. The reason is 
that we deal with a time evolution which is generated by a time dependent 
Hamiltonian. We shall use again a freezing of the potential defining an aux- 
iliary time evolution. We start with an auxiliary lemma about the auxiliary 
time evolution with which we shall later compare the true evolution: 




(88) 
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Lemma 7.6 (Auxiliary Lemma) Let U £ (s) be the unitary defined by 
U £ (s, 0) = U £ {s, 0) for s <a and U £ {s, a) = VfrJs, a) for s> a. Let 

X £ s :=U £ (s,0) X . (89) 
Then there exists a ip £ such that 

Wxl-^IW < Ce&-&. (90) 

and such that for any < £ < 1/3 and any m G N there exists such 
that 

UsftW < C^e™/ 3 -^-™ . (91) 

Proof: With the notation (J5D1 xl = ip e s for s < a and xl — V]1m( s i a )x% f° r 
s > a. Using (1821 with u = a we obtain 



= V; £ ((T) (a, 0)x + ~ (Kv) - n(a)) V* (a) (a, v)A{x)^ v dv . 
£ Jo 

Hence applying V £ ^(s,a) yields 



xl = V £ ia) (s,0)x+ % - I {^{v)- f j l {a))V^ ) {s,v)A(x)ip £ v dv 



e 
% 

£ 

l 



V* {a) (s,Q)x + - / - K<r))V° {a) (s,v)A(x)r v dv 



+- / ((i(v) -ti(a))V* {<T) (s,v)A(x)rjv. (92) 

The splitting of the integrals are done for application of Corollary 17.21 (i) and 
(ii) to control (|92|) and will become clearer in a moment. We must process 
in various steps. We define (in view of Corollary 17.21) now the function tp £ s of 
lemma 17.61 

ft := V^ ) (s,0)p^ ia)X (93) 
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We note that by definition 
Now 



(94) 



IstfW < \\l S V^ ) (s,0)p^ {a)X \\ (95) 



i 



+- / - K*)) \\ t sV^ a) (s,v)p ! , Aa) Aip e v \\dv . 



We subtract now fl93|) from (192]) . we take the norms, use triangle inequality 
and use unitarity of 



1x5 — II < llx - PkM°)X\\ 

+- / |/i(w) -/i(a)|||A^ - p^jA^Udu 







1 /" a 

+C- \p{v) -p{a)\ \\A(x)i>f,\\dv . 

£ J a ~e 2 / 3 

Using that ||y4(x)^|| < ||^4||oc one gets after trivial reordering 

Wxl-^sW < \\(1 - PbA „)) x\\ + Ce 1 " 
C 



<7-£ 2 / 3 



(a - v) || (l - Pk,h(<t)) Aipl\\ dv . (96) 

We shall now estimate the terms in (|9"5"|) and (I96p using Corollary I7.2[ The 
terms are \\t s V^ a) (s, 0)p^a)X\\, 11(1 - Pk,^))x\1 P-sV^ a) {s,v)p^ a) Atl>*\\ 
and ||(1 - p^(o))A^ £ v \\. 

Note that x an d are compactly supported and have finite energy (by 
( 185*1) and the assumptions of the lemma). For application of the Corollary 
17.21 we must check whether the inequality for the propagation time (i.e. s > 

_ 3 

u > e(p(v) — 1) 2 < 1 -«' ) is satisfied. 

We first want to use the Corollary 17.21 (i) and (ii) on \ with the following 
replacements of variables: s=s, v=a and u=a. Hence the condition of the 

3 

Corollary reads now s > a > e(p{a) — 1) 2 ( x -«) . The first inequality is 
satisfied by assumption of the lemma. Since d v p(v) > C_ > for all < v < o 
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(by assumption of the lemma) and /x(0) = 1 we have that /i(a) — l > 0. Hence 

3 

for small enough e we have that a > e(/x(er) — l) _2(1 ~ c) and Corollary 17.21 (i) 
and (ii) yields, observing the replacements 

||i 5 v M0 MK^)xll < Q.mdl^wxll)^"" ( 97 ) 

and 

11(1 " < Ca-fr-Qefr-Oa-WWxW = a^e^ . (98) 

Next we want to use Corollary 17.21 (i) and (ii) replacing x by A{x)ip e v with 
v < a — e 2 / 3 where we must make the following replacements of variables 
in the corollary: v=cr, u=o — v and s=s — v. Then the condition of the 

3 

Corollary becomes s — v > o — v > e(/x(er) — 1) 2 (!-o , which is why we did 
the splitting of the integrals in (192]) in the first place, namely we have that 
v < a — e 2//3 , so that the condition is satisfied for small enough e. Hence we 
can use the Corollary on A{x)ipl making the correct replacements to obtain 

\\t s V Ka) (s,v) PllAa) Ar v \\ < C^D^AtxWMs-vy^e™ (99) 

and 

||(l-p^ (CT) )^|| < Ce^\a-v)-^a-\\\A{xm\ • (100) 

(l97j)-(fT00D can now be used to control (|9"31) and (|9"51). Inserting (J98D and fTTOOl 
into ( 1961) yields 

+- / {a-v){a-v)-& x -®a-*e*^\\A^Jdv. 
e Jo 

Now comes Lemma [7.31 into play. Without the control of which the 

lemma provides us with, the last summand would be of order e -1 / 4 and thus 
explodes as e — > 0. But the estimates of Lemma [7.31 are only good for times 
larger than e 1//3 . For smaller times the trivial estimate < C is better. 

Thus we split the v integral accordingly and arrive at 

Ibd-^ll < a-^e&S+Ce 1 ' 3 

+C- / (a - vf^e^a-^WA^Jdv 
e Jo 

+C- r (a-v^e^a-^WArjdv. 

£ J E l/3 
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Now use Lemma [731 on the last summand to get (estimating a — v < a < C) 
that for all s > o 

+C - f (a-v)*+-^ 1 ~®a-V*(e 1 *-^v--Adv 
e J e i/3 V / 

< Ce&-&, 

which is (1901) . 

Next we estimate (1951) . Introducing ( 197|) and ( 1991) yields 
lllsfill < C^iWD^xlDe^ 

+- f ((7-^(7^(11^)^11)^(5-^)^^(101) 
8 Jo 

Recall that s > a, so for e small enough we have 

S (l- £ 2 /3 (7 -l ) > (7(l _ £ 2/3 (7 -l )) 

hence 

s _ CT + £ 2/3> £ 2/3 S(J -l ) 

so for f < cr — e 2 / 3 

(s - < (s - a + £ 2 / 3 )-™ < £ -§*W . 

Using this and the fact that ||-D M( y) A?/^|| is bounded (c.f. ( 1851) ) we get for 
(ffQH) 

which is 
□ 

We shall now prove Lemma 17.51 Using ( [82!) we have for s > a that 
(u%s, a) - C/( S , a)) V> = -i y f/ £ (s, v) Oi(tr) - ^)) A(a;)E/ e (v, <r)fcdv 
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and therefore by (1511) 

\\t s U £ (s, a)&\\ < \\t s ^ s \\ + ^ f (fi(v) - v(a)) \\A\U\tsrjdv . 



C 



Using (EL 



\t s U e (s, a)ip e J < Ce m s- m + - (fi(a) - fi(v)) v~ m e m dv 

^ J a 

c rs 



< Ce m s- 



— 1 r 



-m+l m 



-m+2 



e m dv 



m+2\ m— 1 



< Ce m s- m + C(s ■ ~ - a " ■-)■: 



(102) 



We turn now to \\t s U £ (s, 0)x||. Recall that xl = U £ {(y, 0)x = U £ (a, 0)x, thus 
||l 5 [/ £ ( S) 0)x|| = \\t s U £ (s,a)x E J 



< 
< 



t s U £ (s,a)Ul-xl 



t s U £ (s,a)r a 



+ 



t s U £ (s,a)ip £ 



where we used ( 190]) and ( 11021) . Choosing rh = 2 the Lemma follows. 



7.4 Control of ij) £ s for s > 



We come now to the proof of Theorem 12.41 We wish to establish that for 
s > and x L 2 : lim £ _ i .o(V'f > x) = 0- From Lemma 17.11 we have that 
lim e ^ ||(1 — -fV^oll = 0- Therefore by 



and 



limM, X > = lim(U e (s,Q)P^ e ,x) +lim(f/ £ ( S ,0)(l -P M )^x), 

e— >0 e^O e^O 



hm(U £ (s,0)(l -PmWo,x) < lim||(l -P^oll = 

e^O £— >0 



Theorem 12.41 follows from 



Corollary 7.7 (Decay of the Critical Bound State) 
Let s > and x G L 2 . T/ien 



Iim|(f/ £ ( S ,0)P^,X)I = 0. 

£— »0 



(103) 



45 



Proof: Note that projects on the subspace with energy 1, hence 
H-Do-Pa^oII — 1- For the proof it is very convenient to use a two scale argu- 
ment. Let j(x) G C°° be a mollifier with j(x) = 1 for x < 1 and j(x) = 
for x > 2, define for any 5 > j 5 (x) := j(^ x ) ; Xi5, £ := JsPm^q and := jsX- 
Note that this definition yields, that 

lim \\P N ^ Q - xlsW = = lim || X - X s\\ (104) 

o — >U o — >U 

and 

IPoxLlI = \\D j s P^o\\oo < C sup II^HoollP^oll + ll^-Do-P^oll 

fc=l,2,3 

= C5+\\j s P^ s \\ <C6 +\\r \\ <oo. 

Now let s > 0. For any 5 > we can use Lemma \7. 31 and Lemma [7.51 setting 
£ = 1/12 to get that 

where S$ is the support of js- Hence 

\(U £ (s,0)P M ij £ ,x)\ < \(U%s,0)P N r ,X 2 s)\ + \U £ (s,0)P M r ,X-X 2 s)\ 

< \(j s u £ (s,o)p M %,x)\ + \\PAfr \\ llx-xlll 

< (l Ss U £ (s,0)P M ij £ , X )\ + \\x-X 2 \\ 

< \\t Ss u%s,o)p N ^ \\ ||xll + llx-xill 

< \\t Ss u £ (s,o)xl e \\ + IIU^M) (p N ^ o _ x y || 

+llx-x?ll 

= Ciew + UPjv^g-xiell + llx-Xill ■ 
Taking first the limit e — > and then 5^0 the Corollary follows in view of 

(EEED. □ 
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8 Appendix: Proof of Lemma 15.11 (1231) 



Recall 031]) 



/ (27r)-^exp(-itE fc )^(k,j,x)p«(l - p^J^xXk, j)d 3 £; 

7=1 J 
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We estimate the right hand side via stationary phase method, i.e. we inte- 
grate by parts. Using ^fd k exp (—itE k ) = exp (—itE k ) m partial integrations 
yield - writing 

E k \ m E k E k 

dk T) - dk T dk T'-- ' 

where d k acts on everything to the right - 



m 4 «oo 

I I (2n)-*exp(-itE k} 

3=1 
m 







E \ m \ 



m 4 



/ £r 2 (2vr)~2 exp 



i=i 

fc -^ J ^(k, j,x)p«(l -p^( X )(k,j> 2 ) d 3 A; 



Since p K (k) = for k < k and k > K 



(105) 



sup 

2K>fc>K,XG<S J 



,-2 



j <p M (k,j,x)p«(l -p 7 ,)J^(x)(k,j)^ 



We next show that for any j, I, r G N there exist Cj^ r so that 



E \ n 

dk T) k2f{k) = S G MrK~* k ~ 



■m-l+r+2 



dif{k) . (106) 



We prove this equation by induction over m. For m = (11061) follows 
trivially. Assume that fll06j) holds for some m G N. It follows that 
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f jp \ m+l rp / rp \ n 

dk^) k 2 f(k) = d k ^(d k ^\ k 2 f(k) 



k J k \ k 

E, 
k 



d k ^ J2 C^ r E™- 2r k- m+2 - l+r dif(k) 

j+l+r=m 

9k Yl C j ^ r E^- 2r+1 k^ m ~ l+2 ^ l+r d j J{k) 

j+l+r=m 

Cj,l,r (9 fc E™- 2r+1 ) k { - m - 1+2 ^ l+r d{f(k) 

j+l+r=m 

+ Yl c j)hr E™- 2r+ ^d k k(- m - i+ v- i+r )dif(k) 

j+l+r=m 

+ £ C j!l<r E™- 2r+1 k- m+3 ~ l+r di +1 f(k) 

j+l+r=m 



Using that E k = vF+l we have that 



d k E™ = mE™- x d k VW+l = mE™- 2 k . 
Setting fh — m + l, j— j + I — l + l and r = r + 1 yields 

/ rp \ m + 1 

\ dk TJ k2f{k) = E C hhr E^k'^ 2 ' l ^ff k f{k) 

j+l+r=fh 

+ C ^rK' 2r k-^ 2 - l+r &J{k) 
j+l+r=fh 

+ E ^,i, r Er 2r ^ +2 - l+r di +1 f(k) 

j+l+r=fh 

for appropriate C~- lr < oo, C-j r < oo and Cjj^ < oo, and (11061) follows 
for m = m + 1. Induction yields that (11061) holds for all m e No- 

Note that for k -> 
k~ 2 E™~ 2r k~ m+2 ~ l+r is of order k~ m ~ l+r . For — >• oo E fc is of order fc, hence 
£,-2 jpm-2r ^- m +2-i+r - g Q £ orc j er k -z ~ r (hence bounded for large Since we 
only observe k — > it follows with (11061) that for any m, j G No there exist 
C m j < oo such that 
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/ F \ n m 

k \ dk Tj k2f{k)l - E^ r2m+J i^w 



(107) 



In our case (c.f. (1 105ft ) we have / = (p^pjl — j%)^ r /1 (x). Using the product 
rule of differentiation it follows that 

ii+j2+i3+j4=i 

where Cj 1 j 2 j 3 j 4 is a combinatorial factor. With ffl9l . f|32|) and fl33l) we get 
using that k < 7? 

ite(i-^(x)i < 



.n 



Jl+J2+J3+J4=j 



J1+J4+2 



^ |/i-l-^P|+cfc 3 

Collecting the worst terms (i.e. handling the two cases < 
and " > " separately) we get with an appropriate con- 



En k 
1=1 \fi-l-vik 2 \+ck 3 

stant Cj that 



< Cj(i + xY I k-i- 2 + 



j+2> 



|/i — 1 — z^fc 2 | + cfc 3 
With (11071) . again collecting the worst terms, it follows that 
I k 2 k 2 <pM l ~ Pk)Mx) l< (1 + a;) m C m («f ™- 2 Ar m + fc" 2m ) 



+(l + x) m C m k 2 



n 

y 1 

\u — 1 — V) 



\fl — 1 — f/fc 2 | + cfc 3 



m+2 
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Thus (recall that k < 1 and that S is compactly supported, hence (1 + x) 1 
is bounded by some constant) 



sup 

2K>fc>K,x€<S,j 



n 1 

" 

it — 1 — V] 



(108) 



< C m | K~ 2m - 2 + sup I k 

2ft>fc>K 



|/i — 1 — uik 2 \ + cfc 3 



Since k < 1 and thus 



sup ^ A;^ 

2"K>fe>« 



- 1 

^— ' |/i — 1 — z^A; 2 | + c/c 3 



< 



c 2 /t 4 



(11081) is bounded from above by 



CrnKT ( K + SUp 
2re>fc>K 



n 1 

y i „ 

' |/i — 1 — Vik 2 \ + c/c 3 



With (I105p (and using that for positive a, b and m G IN we have (a + b) m > 
a m + b m ) equation flU follows. 



□ 
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